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Criteria for thermal stability of charged rotating black holes of any dimension are derived, for
horizon areas that are large relative to the Planck area (in these dimensions). The derivation is
based on generic assumptions of quantum geometry based on some results of loop quantum gravity,
and equilibrium statistical mechanics of the Grand Canonical ensemble. There is no explicit use of
classical spacetime geometry in this analysis. The only assumption is that the mass of the black
hole is a function of its horizon area, charge and angular momentum. Our stability criteria are
then tested in detail against specific classical black holes in spacetime dimensions 4 and 5, whose
metrics provide us with explicit relations for the dependence of the mass on the charge and angular
momentum of the black holes. This enables us to predict which of these black holes are expected to
be thermally unstable under Hawking radiation.
PACS numbers: 04.70.-s, 04.70.Dy
I. INTRODUCTION
It is well-known from semiclassical analysis that nonextremal, asymptotically flat black holes are thermally
unstable due to decay under Hawking radiation, leading to their specific heat being negative [1]. This
interesting fact has motivated the study of thermal stability of black holes, from a perspective that is
inspired by a definite proposal for quantum spacetime (like Loop Quantum Gravity (LQG), [2, 3]) rather
than on semiclassical assumptions. A consistent understanding of the issue of quantum black hole entropy
has been obtained through LQG [4, 7], where not only has the Bekenstein-Hawking area law been retrieved
for macroscopic (astrophysical) black holes, but a whole slew of corrections to it, due to quantum spacetime
fluctuations have been derived as well [5]-[15], with the leading correction being logarithmic in area with
the coefficient −3/2. However, we hasten to add the general disclaimer that our paper is neither on LQG,
nor does it use the LQG framework in an essential way . LQG, if anything, plays only a motivational role
in our work. Many of the assumptions of the paper, actually made independently of LQG, are justified on
the ground that LQG might provide situations where these assumptions are valid.
The implications of this quantum perspective, on the thermal stability of black holes from decay due
to Hawking radiation, have therefore been an important aspect of black hole thermodynamics beyond
semiclassical analysis, and also somewhat beyond the strictly equilibrium configurations that Isolated
Horizons represent. Classically a black hole in general relativity is characterized by its’ mass (M), charge
(Q) and angular momentum (J). Intuitively, therefore, we expect that thermal behaviour of black holes
will depend on all of these parameters. For a given classical metric characterizing a black hole, the mass
can be derived explicitly to be a function of the charge and angular momentum. However, the quantum
spacetime perspective frees us from having to use classical formulae for this functional dependence of the
mass. Instead, the assumption is simply this : the mass is a function of the horizon area, alongwith the
charge and angular momentum.
The simplest case of vanishing charge and angular momentum has been investigated longer than a decade
ago [16] - [18]. This has been generalized, via the idea of thermal holography [19], [20], and the saddle point
approximation to evaluate the canonical partition function corresponding to the horizon, retaining Gaussian
thermal fluctuations. The consequence is a general criterion of thermal stability as an inequality connecting
area derivatives of the mass and the microcanonical entropy. This inequality is nontrivial only when the
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microcanonical entropy has corrections (of a particular algebraic sign) beyond the area law, as is the case
for the loop quantum gravity calculation of the microcanonical entropy [6]. This body of work has been
generalized more recently [21] to include black holes with charge. The generalized stability criterion indeed
‘predicts’ the thermal instability of asymptotically flat Reissner-Nordstrom black holes contrasted with
the thermal stability of anti-de Sitter Reissner-Nordstrom black holes (for a range of cosmological constants).
In this paper, this approach is generalized to quantum black holes carrying both charge and angular
momentum. The inclusion of rotation poses challenges in the LQG formulation [13], [9] - [11] of isolated
horizons. However, the general understanding of non-radiant rotating isolated horizons has parallels in these
assays. We do not review this body of work, but realize that the thermal stability behaviour of rotating
radiant black holes may be qualitatively different from that of the non-rotating ones.
The paper is organized as follows: In section 2, the idea of thermal holography, alongwith the concept
of (holographic) mass associated with horizon of a black hole is briefly reviewed and the grand canonical
entropy of charged rotating large quantum black hole is determined. In section 3, the criterion for thermal
stability of such black holes is determined by using saddle point approximation to evaluate the horizon
partition function for Gaussian thermal fluctuations around thermal equilibrium. In the next section, this
stability criterion is used to test on various explicit classical black holes, with the objective of predicting
their behaviour under decay due to Hawking radiation. The next section contains a brief summary and
discussion. We end in section 6 with Appendix, showing various calculations in details.
II. THERMAL HOLOGRAPHY
In this section, we present a generalization of the thermal holography for non-rotating electrically charged
quantum radiant horizons discussed in [21], to the situation when the horizon has both charge and angular
momentum. Such a generalization completes the task set out in [16] and [19] to include charge and angular
momentum in consideration of thermal stability of the horizon under Hawking radiation. This section is
really motivational in character, and admittedly heuristic. It has certain parallels with LQG, but does not
really represent LQG in any rigorous sense. The main reason for its inclusion is to show that a logical line of
argument may exist in a generic theory of quantum gravity to go from the tensor product Hilbert space to
our stability criteria, even though all steps in this chain of arguments may not be on rigorous mathematical
footing.
A. Mass Associated With horizon
Black holes at equilibrium are represented by isolated horizons, which are internal boundaries of spacetime.
Hamiltonian evolution of this spacetime gives the first law associated with isolated horizon(b) and is given
as [13],
δEth =
κt
8pi
δAh +Φ
tδQh +Ω
tδJh (1)
where, Eth is the energy function associated with the horizon, κ
t, Φt and Ωt are respectively the surface
gravity, electric potential and angular velocity of the horizon; Qh , Ah and Jh are respectively the charge,
area and angular momentum of the horizon. The label ’t’ denotes the particular time evolution field (tµ)
associated with the spatial hypersurface chosen. Eth is assumed here to be a function of Ah, Qh and Jh.
The advantage of the isolated (and also the radiant or dynamical) horizon description is that one can
associate with it a mass M th, related to the ADM energy of the spacetime through the relation
EtADM =M
t
h + E
t
rad (2)
where, Etrad is the energy associated with spacetime between the horizon and asymptopia. An isolated
horizon does not require stationarity, and therefore admits Etrad 6= 0, and hence admits a mass defined
locally on the horizon.
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B. Quantum Geometry
The Hilbert space of a generic quantum spacetime is given as, H = Hb⊗Hv , where b(v) denotes the
boundary (bulk) space. A generic quantum state is thus given as
|Ψ〉 =
∑
b,v
Cb,v|χb〉⊗|ψv〉 (3)
Now, the full Hamiltonian operator (Ĥ), operating on H is given by
Ĥ|Ψ〉 = (Ĥb⊗Iv + Ib⊗Ĥv)|Ψ〉 (4)
where, respectively, Ib(Iv) are identity operators on Hb(Hv) and Ĥb(Ĥv) are the Hamiltonian operators on
Hb(Hv).
The first class constraints are realized on Hilbert space as annihilation constraints on physical states. The
bulk Hamiltonian operator thus annihilates bulk physical states
Ĥv|ψv〉 = 0 (5)
The bulk quantum spacetime is assumed to be free of electric charge and angular momentum, so that eqn.
(5) is augmented by the relation
[Ĥv − ΦQ̂v − ΩĴv]|ψv〉 = 0 . (6)
This assumption gleans from the idea that the generic quantum bulk Hilbert space is invariant under local
U(1) gauge transformations and local spacetime rotations (the latter, as part of local Lorentz invariance).
C. Grand Canonical Partition Function
We now consider, heuristically, a grand canonical ensemble of quantum spacetimes with horizons as bound-
aries, in contact with a heat bath, at some (inverse) temperature β. Strictly speaking, a radiant black hole
spacetime must have a Trapping or Dynamical horizon [13] as its inner boundary. However, in our heuris-
tic approach to thermal stability of equilibrium isolated horizons, we overlook the distinction very close to
equilibrium. In other words, we ignore the subtleties associated with backreaction of Hawking radiation on
quantum bulk geometry. With these assumptions and caveats, the grand canonical partition function is then
given as,
ZG = Tr(exp(−βĤ + βΦQ̂ + βΩĴ)) (7)
where the trace is taken over all states. This definition, together with eqn.s (3) and (6), yields
ZG =
∑
b,v
|Cb,v|2〈ψv|ψv〉〈χb|exp(−βĤ + βΦQ̂ + βΩĴ)|χb〉
=
∑
b
|Cb|2〈χb|exp(−βĤ + βΦQ̂+ βΩĴ)|χb〉 , (8)
assuming that the bulk states are normalized. The partition function thus turns out to be completely
determined by the boundary states (ZGb), i.e.,
Z = ZGb = Trb exp(−βĤ + βΦQ̂+ βΩĴ)
=
∑
k,l,m
g(k, l,m) exp(−β(E(Ak, Ql, Jm)− ΦQl − ΩJm)) , (9)
where g(k, l,m) is the degeneracy corresponding to energy E(Ak, Ql, Jm) and k, l,m are the quantum num-
bers corresponding to eigenvalues of area, charge and angular momentum respectively. These quantum
numbers are all taken to be discrete [12]. Here, the spectrum of the boundary Hamiltonian operator is
assumed to be a function of area, charge and angular momentum of the boundary, considered here to be the
horizon. Following [8]-[12], it is further assumed that these ‘quantum hairs’ all have a discrete spectrum, in
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parallel with the LQG results. We cannot prove these assumptions at this point, but explore their conse-
quences here. In the Macroscopic area limit (Ah >> l
2
P ) of quantum isolated horizons , they all have large
eigenvalues i.e. (k, l,m >> 1), so that, application of the Poisson resummation formula [16] gives
ZG =
∫
dx dy dz g(A(x), Q(y), J(z)) exp(−β(E(A(x), Q(y), J(z)) − ΦQ(y)− ΩJ(z))) (10)
where x, y, z are respectively the continuum limit of k, l,m respectively.
We now assume that the macroscopic spectra of the area, charge and angular momentum are linear in
their arguments, so that a change of variables gives, with constant Jacobian, the result
ZG =
∫
dA dQ dJ exp[S(A)− β(E(A,Q, J) − ΦQ− ΩJ)] , (11)
where, following [22], the microcanonical entropy of the horizon is defined by expS(A) ≡ g(A(x),Q(y),J(z))dA
dx
dQ
dy
dJ
dz
.
III. STABILITY AGAINST GAUSSIAN FLUCTUATIONS
A. Saddle Point Approximation
The equilibrium configuration of black hole is given by the saddle point A¯, Q¯, J¯ in the three dimensional
space of integration over area, charge and angular momentum. The idea now is to examine the grand
canonical partition function for fluctuations a = (A− A¯), q = (Q− Q¯), j = (J − J¯) around the saddle point,
in order to determine the stability of the equilibrium isolated horizon under Hawking radiation. We restrict
our attention to Gaussian fluctuations, as per common practice in equilibrium statistical mechanics, with
the motivation towards extremizing the free energy for the most probable configuration. Taylor expanding
eqn (11) about the saddle point, yields
ZG = exp[S(A¯)− βM(A¯, Q¯, J¯) + βΦQ¯+ βΩJ¯ ]
×
∫
da dq dj exp{−β
2
[(MAA − SAA
β
)a2 + (MQQ)q
2 + (2MAQ)aq
+ (MJJ )j
2 + (2MAJ)aj + (2MQJ)qj]} , (12)
where M(A¯, Q¯, J¯) is the mass of equilibrium isolated horizon. Here MAQ ≡ ∂2M∂A∂Q |(A¯,Q¯,J¯) etc.
We assume just like in Loop Quantum Gravity, observables used here are self-adjoint operators over the
boundary Hilbert space, and hence their eigenvalues are real [2]. It suffices therefore to restrict integrations
over the spectra of these operators to the real axes.
Now, in the Saddle point approximation the coefficients of terms linear in a , q , j vanish by definition of
the saddle point. These imply that, at saddle point
β =
SA
MA
, MQ = Φ,MJ = Ω (13)
B. Stability Criteria
Convergence of the integral (12) implies that the Hessian matrix (H) has to be positive definite, where
H =

βMAA(A¯, Q¯, J¯)− SAA(A¯) βMAQ(A¯, Q¯, J¯) βMAJ(A¯, Q¯, J¯)
βMAQ(A¯, Q¯, J¯) βMQQ(A¯, Q¯, J¯) βMJQ(A¯, Q¯, J¯)
βMAJ(A¯, Q¯, J¯) βMJQ(A¯, Q¯, J¯) βMJJ(A¯, Q¯, J¯)
 (14)
The necessary and sufficient conditions for a real symmetric square matrix to be positive definite are :
’determinants all principal square submatrices, and the determinant of the full matrix, are positive.’[23] This
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condition leads to the following ‘stability criteria’ :
MAA(A¯, Q¯, J¯)− SAA(A¯)
β
> 0 (15)
MQQ(A¯, Q¯, J¯) > 0 (16)
MJJ(A¯, Q¯, J¯) > 0 (17)
MQQ(A¯, Q¯, J¯)MJJ(A¯, Q¯, J¯) − (MJQ(A¯, Q¯, J¯))2 > 0 (18)
MJJ (A¯, Q¯, J¯)
(
MAA
(
A¯, Q¯, J¯)− SAA(A¯)
β
) − (MAJ(A¯, Q¯, J¯))2 > 0 (19)
MQQ(A¯, Q¯, J¯)
(
MAA
(
A¯, Q¯, J¯)− SAA(A¯)
β
) − (MAQ(A¯, Q¯, J¯))2 > 0 (20)
[
(
MAA(A¯, Q¯, J¯)− SAA(A¯)β
)
(MQQ(A¯, Q¯, J¯)MJJ(A¯, Q¯, J¯)− (MJQ(A¯, Q¯, J¯))2)
−MAQ(A¯, Q¯, J¯)(MAQ(A¯, Q¯, J¯)MJJ(A¯, Q¯, J¯)−MJQ(A¯, Q¯, J¯)MAJ(A¯, Q¯, J¯))
+MAJ(A¯, Q¯, J¯)(MAQ(A¯, Q¯, J¯)MJQ(A¯, Q¯, J¯)−MQQ(A¯, Q¯, J¯)MAJ (A¯, Q¯, J¯))] > 0 (21)
Of course, (inverse) temperature β is assumed to be positive for a stable configuration.
Now, the temperature is defined as T ≡ 1β ; eqn. (13) implies that T = MASA . Eqn.s (22) and (23) together
yield SA =
1
4AP
− 32A and is positive for macroscopic black holes as A >> AP . So, positivity of MA implies
the positivity of β for macroscopic black holes. The relation T = MASA implies
dT
dA =
MA
(SA)2
(βMAA − SAA).
So, what is new is the requirement that this temperature must increase with horizon area, inherent in the
positivity of the quantity (βMAA−SAA) which appears in several of the stability criteria. If this is violated,
as for example in case of the standard Schwarzschild black hole [16], thermal instability is inevitable.
The convexity property of the entropy follows from the condition of convergence of partition function
under gaussian fluctuations [16], [22], [25]. The thermal stability is related to the convexity property of
entropy. Hence, the above conditions are correctly the conditions for thermal stability. For chargeless,
non-rotating horizons, eqn. (15) reproduces the thermal stability criterion and condition of positive specific
heat(i.e.variation of black hole mass with temperature) given in [19], as expected. Actually for a chargeless,
non-rotating black hole, both the mass and the temperature are functions of the horizon area (A) only. From
these one can define the specific heat as C = dMdT =
(SA)
2
(βMAA−SAA) .
For charged, non-rotating black holes, eqn.s (15), (16) and (20) describe the stability, in perfect agreement
with [21], while (15), (17) and (19) describe the thermal stability criteria for uncharged rotating radiant
horizons. The new feature for black holes with both charge and angular momentum is that not only does
the specific heat has to be positive for stability, but the charge and the angular momentum play important
roles as well.
As claimed in the Introduction, the thermal stability criteria above are derived by the application of
standard statistical mechanical formalism to a quantum horizon characterized by various observables having
discrete eigenvalue spectra. Thus, no aspect of classical geometry enters the derivation of these criteria.
Given the classical metrics specifying various classical black hole spacetimes, the mass can be obtained as an
explicit function of the area, charge and angular momentum of the horizon. It is then possible, on the basis
of our stability criteria, to predict which classical black holes will radiate away to extinction, and which ones
might find some stability, and for what range of parameters. This is what is attempted in the next section.
IV. PREDICTING THERMAL STABILITY OF CLASSICAL BLACK HOLES
Notice that in the stability criteria derived in the last section, first and second order derivatives of the
microcanonical entropy of the horizon at equilibrium play a crucial role, in making some of the criteria non-
trivial. Thus, corrections to the microcanonical entropy beyond the Bekenstein-Hawking area law, arising
due to quantum spacetime fluctuations might play a role of some significance. It has been shown that [6]
the microcanonical entropy for macroscopic isolated horizons has the form
S = SBH − 3
2
logSBH +O(S−1BH) (22)
SBH =
Ah
4AP
, AP ≡ Planck area . (23)
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A. Kerr-Newman Black Hole
The Kerr-Newman metric of asymptotically flat Black Hole is given in Boyer-Lindquist coordinates as
ds2 = −Ξ
Σ
(dt− asin2θ dφ)2 + sin
2θ
Σ
((r2 + a2)dφ − adt)2 + Σ
Ξ
dr2 +Σdθ2 (24)
where, Ξ = r2 − 2M r + a2 + Q2, Σ = r2 + a2 cos2θ, a = JM . The generalized Smarr formula for the
Kerr-Newman Black Hole is given as [26]
M2 =
A
16pi
+
pi
A
(4J2 +Q4) +
Q2
2
(25)
Calculation, done in the subsection (VIA), shows that there does not exist any single set of value (A, J,Q)
such that the conditions (15 - 21) hold simultaneously. So, this kind of black hole is thermally unstable
under hawking radiation.
B. AdS Black Holes
The thermal instability discerned in the last subsection for the standard asymptotically flat general rela-
tivistic black hole spacetimes raises the question as to whether the asymptotically Anti-de Sitter versions of
these spacetimes are thermally more stable, for some region of their parameter space, as has been noticed
decades ago by Hawking and Page [24] within a semiclassical approach. In contrast, the quantum geometry
underpinning of our analysis in the previous sections is independent of specific black hole metrics, giving
us very general criteria for thermal stability. The mass-horizon area functional dependence derived from
classical metrics of specific black holes therefore permits predictions of stability behaviour of specific black
holes under Hawking radiation. In this sense, classical geometry provides us with fiducials for verification of
validity of the stability criteria derived earlier. This motivates their application to AdS black holes in this
subsection.
The AdS Kerr-Newman black hole is given in BoyerLindquist coordinates as
ds2 = −∆r
ρ2
(dt− asin
2θ
Σ
dφ)2 +
∆θ sin
2θ
ρ2
(
r2 + a2
Σ
dφ− adt)2 + ρ
2
∆r
dr2 +
ρ2
∆θ
dθ2 (26)
where, Σ = 1− a2l2 , ∆r = (r2 + a2)(1 + r
2
l2 )− 2M r +Q2, ∆θ = 1− a
2cos2θ
l2 , ρ
2 = r2 + a2 cos2θ, a = JM .
The generalized Smarr formula for the AdS Kerr-Newman Black Hole is given as [26]
M2 =
A
16pi
+
pi
A
(4J2 +Q4) +
Q2
2
+
J2
l2
+
A
8pil2
(Q2 +
A
4pi
+
A2
32pi2l2
) (27)
where the cosmological constant (Λ) is defined in terms of a cosmic length parameter as Λ = −1/l2.
Calculation, done in the subsection(VIB), shows that conditions (15 - 21) holds simultaneously only if Al2
is greater than JA ,
Q2
A , infact greater by one order of magnitude. So, this kind of black hole is thermally
stable under hawking radiation only within the range as stated.
C. Asymptotically Flat String Theoretic Black Hole
Here we consider the low energy effective field theory describing heterotic string theory, which describes a
black hole carrying finite amount of charge and angular momentum [27]. In low energy limit the effective four
dimensional theory contains gravity, maxwell field, dilaton field and antisymmetric gauge field.The solution
of the metric turns out be a black hole whose charge, mass and angular momentum are determined by various
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fundamental parameters of the theory [27]. The classical metric for such a black hole is
ds2 = − ρ
2 + a2 cos2 θ − 2mρ
ρ2 + a2 cos2 θ + 2mρ sinh2 α2
dt2 +
ρ2 + a2 cos2 θ + 2mρ sinh2 α2
ρ2 + a2 − 2mρ dρ
2
+ (ρ2 + a2 cos2 θ + 2mρ sinh2
α
2
)dθ2 − 4mρa cosh
2 α
2 sin
2 θ
ρ2 + a2 cos2 θ + 2mρ sinh2 α2
dtdφ
+ {(ρ2 + a2)(ρ2 + a2 cos2 θ) + 2mρa2 sin2 θ + 4mρ(ρ2 + a2) sinh2 α
2
+ 4m2ρ2 sinh4
α
2
}
× sin
2 θ
ρ2 + a2 cos2 θ + 2mρ sinh2 α2
dφ2 (28)
This metric describes a black hole solution with mass M , charge Q, and angular momentum J given by
M =
m
2
(1 + coshα), Q =
m√
2
sinhα, J =
ma
2
(1 + coshα) (29)
It will be more convenient to express m, a and α in terms of the independent physical parametersM , J and
Q by inverting the relations given in( 29). We get
m =M − Q
2
2M
, sinhα =
2
√
2QM
2M2 −Q2 , a =
J
M
(30)
The area of the horizon turns out to be
A = 8piM
(
M − Q
2
2M
+
√
(M − Q
2
2M
)2 − J
2
M2
)
(31)
which gives the mass of the black hole(M) as
M2 =
A
16pi
+
Q2
2
+
4piJ2
A
(32)
Calculation, done in the subsection (VI C), shows that there does not exist any single set of value (A, J,Q)
such that the conditions (15 - 21) hold simultaneously. So, this kind of black hole is thermally unstable
under hawking radiation.
D. Five Dimensional Asymptotically Flat Dilatonic Black Hole With Rotation
Here we consider the dilaton field coupled to gravity in presence of the Maxwell field in five dimension
[28]. Such solutions are derived from the standard four dimensional Kerr solution of Einstein’s equation, by
constructing the five dimensional product space obtained by tensoring the Kerr spacetime with R. Boosting
the Kerr solution along the real line thus gives a rotating charged black hole in a five dimensional Lorentzian
spacetime. So, this kind of black hole has
(
(S2 × R2) × R) structure , while kerr-newman black hole
has (S2 × R2) structure. We can intuitively conclude , from the above sturctural similarity , that Five
Dimensional Asymptotically Flat Dilatonic Black Hole With Rotation are unstable under hawking radiation
like kerr-newman black hole. Infact detail calculation, done in the subsection (VID), meets our intuition as
well.
V. SUMMARY AND DISCUSSION
In the following table, we summarize the work of previous sections, for a clearer perspective.
Type Of Black Hole Whether Stable
Asymptotically Flat Black Holes Unstable
ADS Black Holes Stable if Al2 is greater than
J
A ,
Q2
A by one order of magnitude
String Theoretic Black Holes Unstable
Dilaton Black Holes without Cosmological Constant Unstable
We reiterate that our analysis is quite independent of specific classical spacetime geometries, relying as it
does on quantum aspects of spacetime. The construction of the partition function used standard formulations
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of equilibrium statistical mechanics augmented by results from canonical Quantum Gravity, with extra inputs
regarding the behaviour of the microcanonical entropy as a function of area beyond the Bekenstein-Hawking
area law, as for instance derived from Loop Quantum Gravity [6]. However, we emphasize that the results are
more general than being restricted to any specific proposal for quantum spacetime geometry, requiring only
certain functional dependences on horizon area and other parameters of statistical mechanical quantities like
entropy. It also stands to reason that our stability criteria are useful for predicting the thermal behaviour
vis-a-vis Hawking radiation for specific astrophysical black holes. In particular, our criteria precisely predict
regions of the parameter space of specific black hole solutions, not only in general relativity, but also of
extensions inspired from warped geometries and string theories, where these solutions are stable under
Hawking radiation.
It is also noteworthy that the approach is useful for making predictions on the thermal stability of black
holes in Lorentzian spacetimes with arbitrary number of spatial dimensions. It can also be generalized to
black holes with arbitrary ‘hairs’ (charges) - either quantum or classical [29].
There are however, subtleties of a statistical mechanical nature which have not been addressed in this
paper. The most important of these is the nature of the thermal instability discerned by us. While there are
indications that the instability in most cases can be associated with some sort of phase transition [19], the
very general approach here has not yet been applied to discuss the full range of thermal behaviour exhibited
specifically for AdS Schwarzschild black holes, for instance, as discussed in detail in [24]. Crucially, there
are ‘phases’ discussed in that paper which have not been fully explored via our more ‘quantum geometry’
approach, as distinct from the semiclassical approach employed in [24]. We hope to return to these important
issues in a future publication.
VI. APPENDIX
In this section, we will show the detail calculation for Kerr-Newman Black Hole , AdS Black Holes ,
Asymptotically Flat String Theoretic Black Hole and Five Dimensional Asymptotically Flat Dilatonic Black
Hole With Rotation seperately.
For the first three kinds of black holes, as stated above, mass(M) is expressed as M2 =M2(A,Q, J) with
M2|JQ = 0 , where M2|JQ ≡ ∂2M2∂J∂Q . It is also a common feature of the expression of M2 for all these three
types of black holes that M2 is analytic in A,Q and J . So, it is better to express various derivatives that
appears in (15 - 21) in terms of derivatives of M2 .
M2 =M2(A,Q, J) gives MA =
M2|A
2M , MAQ =
1
4M3
(
2M2M2|AQ − (M2|AM2|Q)
)
etc.
A. Results for Kerr-Newman Black Hole
SA =
1
4AP
− 32A , SAA = 32A2 , M2|A = 116pi − piA2 (4J2+Q4) , M2|AA = 2piA3 (4J2+Q4) , M2|Q = Q+ 4piQ
3
A
, M2|QQ = 12piQ
2
A , M
2|J = 8piJA , M2|JJ = 8piA , M2|AJ = − 8piJA2 , M2|AQ = − 4piQ
3
A2 , M
2|JQ = 0
We write a small computer program and ask the computer to do the calculation of left hand sides of (15
- 21) on basis of the above input. We scan over various range of all possible range of (A,Q, J) and find
not single point such that all the left hand sides of (15 - 21) are positive simultaneously. The process of
calculation is described as follows,
AP ∼ 10−70m2 and for a typical black hole, A ∼ 105m2. In fact this value is even larger for macroscopic
black holes. ∴ AAP ∼ 1075 and this implies SA = 14AP − 32A is positive for macroscopic black holes. So,
positivity of temperature ( 1β =
MA
SA
) implies the positivity of MA i.e. positivity of M
2|A(= 2MMA). So,
M2|A = 116pi − piA2 (4J2 +Q4) > 0 implies JA < 18pi and Q
2
A <
1
4pi .
Now, the expression (25) gives [M2] = [A] = [Q2] = [J ] = [AP ], where [A] is the dimension of A etc.
Define, JA ≡ x, Q
2
A ≡ y, AAP ≡ z and these x, y, z are dimensionless. So, we have M2|A = 116pi − 4pix2 − piy2
8
, AM2|A = 8pix2 + 2piy2, M2|J = 8pix , AM2|JJ = 8pi , M
2|Q√
A
= y1/2 + 4piy3/2 , M2|QQ = 1 + 12piy ,
AM2|AJ = −8pix ,
√
AM2|AQ = −4piy3/2
Now, β and left hand sides of (15 - 21) can be described interms of the above dimensionless functions as,
β= f12M , where f1 =M
2|A
left hand side of 15= 14M3 · f2, where f2 =
(
2 · M2A · AM2|AA − (M2|A)2
)− 12M2|A · M2A · 1z−6
left hand side of 16= A4M3 · f3, where f3 =
(
2 · M2A ·M2|QQ − (M
2|A√
A
)2
)
left hand side of 17= 14M3 · f4, where f4 =
(
2 · M2A · AM2|JJ − (M2|J)2
)
left hand side of 18= A16M6 ·
(
f3 · f4 − (f5)2
)
, where f5 =
(
2 · M2A ·
√
AM2|JQ − M
2|Q√
A
·M2|J
)
left hand side of 19= 116M6 ·
(
f4 · f2 − (f6)2
)
, where f6 =
(
2 · M2A · AM2|JA −M2|A ·M2|J
)
left hand side of 20= A16M6 ·
(
f3 · f2 − (f7)2
)
, where f7 =
(
2 · M2A ·
√
AM2|QA −M2|A · M
2|Q√
A
)
left hand side of 21= 116AM2 ·
(
f2 ·
(
f3f4 − (f5)2
)− f7 · (f4f7 − f5f6)+ f6 · (f5f7 − f3f6))
All these functions f1, ..., f7 are dimensionless functions of x, y, z. Now, we run our computer program to
find the points(x, y) within the range 0 < x < 18pi and 0 < y <
1
4pi such that left hand sides of (15 - 21) are
simultaneously positive. But, we do not get a single such point. It is true for any value of z greater than 6,
as z > 6 implies SA is positive.
B. Results for ADS Kerr-Newman Black Hole
SA =
1
4AP
− 32A , SAA = 32A2 , M2|A = 116pi − piA2 (4J2 + Q4) + Q
2
8pil2 +
A
16pi2l2 +
3A2
256pi3l4
M2|AA = 2piA3 (4J2 + Q4) + 116pi2l2 + 3A128pi3l4 , M2|Q = Q + 4piQ
3
A +
AQ
4pil2 , M
2|QQ = 1 + 12piQ
2
A +
A
4pil2
M2|J = 8piJA + 2Jl2 , M2|JJ = 2l2 + 8piA , M2|AJ = − 8piJA2 , M2|AQ = Q4pil2 − 4piQ
3
A2 , M
2|JQ = 0
Define, Al2 ≡ u, JA ≡ x, Q
2
A ≡ y, AAP ≡ z. So, we have M2|A = 116pi − 4pix2 − piy2 +
yu
8pi +
u
16pi2 +
3u2
256pi3 ,
AM2|AA = 8pix2+2piy2+ u16pi2 + 3u
2
128pi3 ,M
2|J = 8pix+2xu , AM2|JJ = 8pi+2u , M
2|Q√
A
= y1/2+4piy3/2+ uy
1/2
4pi
, M2|QQ = 1 + 12piy + u4pi , AM2|AJ = −8pix ,
√
AM2|AJ = −4piy3/2 + uy
1/2
4pi
Like earlier(case of kerr-Newman black hole), we can define f1, ..., f7 interms of x, y, z, u. We can also
express β and left hand sides of (15 - 21) interms of f1, ..., f7 as before. We then run our computer program
to find the points(x, y, u) such that left hand sides of (15 - 21), β are simultaneously positive. We find (as
shown in the table below)such points only if u > x, y; by one order of magnitude. It is true for any value of
z greater than 6, as argued earlier.
Value of u(= Al2 ) Value of
x
u (=
(J/A)
(A/l2) ) Value of
y
u (=
(Q2/A)
(A/l2) )
1 9.99× 10−3 8.99× 10−2
101 3.00× 10−3 2.60× 10−2
102 8.99× 10−4 1.96× 10−2
103 8.19× 10−4 1.89× 10−2
104 7.75× 10−4 1.88× 10−2
105 7.24× 10−4 1.87× 10−2
This table shows the selected six points in the (u, xu ,
y
u ) space , such that ADS KN black hole is stable in
these points. This table ofcourse shows the maximum possible values of xu ,
y
u for a given value of ’u’ within
the region of stability.
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The generalized Smarr formula for the AdS Kerr-Newman Black Hole 27 takes the form of the generalized
Smarr formula for the Kerr-Newman Black Hole 25 in the limit l →∞. These two equations start to differ
gradually as l starts to become smaller. Kerr-Newman black holes are thermally unstable. Hence ADS
Kerr-Newman black hole can have stability, but not for large values of ’l’. This fact is relected in the table
above. We scan the entire space of (u, x, y) and find that increment of u(= Al2 ) decreses the values of x(=
J
A )
and y(= Q
2
A ) to attain thermal stability of ADS KN black hole.
C. Results for Asymptotically Flat String Theoretic Black Hole
SA =
1
4AP
− 32A , SAA = 32A2 , M2|A = 116pi − 4piJ
2
A2 , M
2|AA = 8piJ2A3 , M2|Q = Q , M2|QQ = 1 ,
M2|J = 8piJA , M2|JJ = 8piA , M2|AJ = − 8piJA2 , M2|AQ = 0 , M2|JQ = 0
So, we have M2|A = 116pi − 4pix2 , AM2|AA = 8pix2, M2|J = 8pix , AM2|JJ = 8pi ,
M2|Q√
A
= y1/2 ,
M2|QQ = 1 , AM2|AJ = −8pix ,
√
AM2|AQ = 0
Here, M2|A = 116pi − 4piJ
2
A2 > 0 implies
J
A <
1
8pi and is the condition for positivity of β. Now, we define
f1, ..., f7 as before interms of x, y, z and express left hand sides of (15 - 21) interms of f1, ..., f7 as before.
We then run our computer program to find the points(x, y) such that left hand sides of (15 - 21) are
simultaneously positive within the range 0 < x < 18pi . But, we do not get a single such point. It is true for
any value of z greater than 6, as argued earlier.
D. Results for Five Dimensional Asymptotically Flat Dilatonic Black Hole With Rotation
Let, m , a be the mass and rotation parameter of the original Kerr solution and v is the velocity of the
boost in the extra direction.
The resulting metric is as,
ds2 = −1− Z
B
dt2 − 2aZ sin
2 θ
B
√
1− v2 dtdφ+
[
B(r2 + a2) + a2 sin2 θ
Z
B
]
sin2 θdφ2 +B
Σ
∆0
dr2 +BΣdθ2 (33)
where B =
√
1 + v
2Z
1−v2 , Z =
2mr
Σ , ∆0 = r
2 + a2 − 2mr, Σ = r2 + a2 cos2 θ. The dilaton field is
given by φ = (−√3/2) logB.
This gives the mass(M), charge(Q) and angular momentum (J)of the black hole as,
M = m
(
1 +
v2
2(1− v2)
)
(34)
Q =
mv
1− v2 (35)
J =
ma√
1− v2 (36)
One can solve eqn.s (34) and (35) for the boost velocity v in terms of these parameters
v =
√
2 + (
M
Q
)2 − M
Q
(37)
Similarly, eqn.s (34), (35) and (37) can be inverted to yield m as a function of these parameters
m =
3M
2
−
√
M2 + 2Q2
2
. (38)
The area of the black hole A is then given as [28]
A = 8pi
[
C +
√
C2 − J2
]
(39)
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where,
C =
m2√
1− v2
=
9M2Q
4 − 3M
2Q
2
(√
1 + 2Q
2
M2
)
+ M
2Q+2Q3
4√
2M2
(√
1 + 2Q
2
M2
)
− 2M2 −Q2
(40)
While eqn. (34) expresses the mass of the black hole as a function of the parameters v and m, eliminating
the latter in terms of the parameters A,Q, J is a complicated algebraic task, involving the inversion of eqn.
(40). An easier approach is to rederive the stability criteria from the Grand Canonical Partition Function and
evaluate the saddle point integrals over the variables m, v, a, taking the appropriate Jacobian into account.
Assume,
cosh η =
1√
1− v2 , cosµ =
a
m
(41)
Eqn.s (34), (35)(36) (39)and (41) together imply
M = m
(
1 +
sinh2 η
2
)
, J = m2 cosµ cosh η
Q =
m
2
sinh 2η , A = 8pim2 cosh η
(
1 + sinµ
)
(42)
Eqn. (42) implies that large area (A) means large value of ’m’ and ’cosh η’.
Now, we will calculate the Grand Canonical Partition function(ZG) interms of the new variables (m, η, µ).
Let us assume that the saddle point be at (m¯, η¯, µ¯) and define the fluctuations around this point as
m ≡ (m− m¯) , µ ≡ (µ− µ¯) , η ≡ (η − η¯) (43)
Eqn.s (12), (22)(23) (42)and (43) together give
ZG = exp[X(m¯, µ¯, η¯)]×
∫
dm dµ dη exp{1
2
[(Xmm)m
2 + (Xµµ)µ
2 +Xηη)η
2 + (2Xmµ)mµ)
+ (2Xmη)mη) + ((2Xηµ)ηµ)} (44)
Where,
X(m¯, µ¯, η¯) = log(T ) + S − βM + βΨQ+ βΩJ
= log(m) +
1
2
log cosh η − 1
2
log(1 + sinµ) + log(3 cosh2 η − 1)
+ 2pim2 cosh η(1 + sinµ)− βm
(
1 +
sinh2 η
2
)
+ βΨ
m
2
sinh 2η
+ βΩm2 cosµ cosh η (45)
Here, T is Jacobian due to change of variables from (A,Q, J) to (m,µ, η) and is given as,
T = 8pim4(1 + sinµ)(3 cosh2 η − 1) cosh2 η (46)
Saddle point approximation method implies Xm = 0 = Xµ = Xη at the saddle point and hence in the large
area limit Xµ = 0 and eqn. 45 together give
βΩ =
2pi
tanµ
(47)
In large area limit, eqn.s 45 and 47 give Xmm = 4pi cosh η (1 + cosec µ) and is non-negative. This implies
that ZG will diverge and macroscopically large dilatonic black holes in asymptotically flat spacetime must
be thermally unstable with respect to Hawking radiation, over their entire parameter space.
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